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We studied the drop formation in a dripping faucet at room temperature by the direct observation of the drop
growing which was recorded with a VHS camera, from a drop rate off50.24 drop/s up tof'10 drops/s,
approximately, simultaneously with the measurement of the interdrops time intervals. It is shown that the
appearance of satellites drops the number of them and its size depends on the drop rate. We observed that the
formation of a drop can be seen as a mean elastic motion followed by a plastic motion.
@S1063-651X~96!00409-6#

PACS number~s!: 05.45.1b, 47.52.1j

I. INTRODUCTION

Complex dynamical behavior has been observed in a
leaky faucet, such as periodic and nonperiodic attractors, and
period doubling by Martienet al. @1,2#, Yépez et al. @3#,
Cahalanet al. @4#, Wu and Schelly@5#, Dreyeret al. @6#, and
Sartorelliet al. @7#. Tangent intermittencies can be found in
Refs.@4,7#, quasiperiodicity and boundary crisis in Ref.@7#,
Hopf bifurcation in @8# and long range anticorrelation and
non-Gaussian behavior in@9#. In all these experiments the
characterization of the dynamical behavior was done indi-
rectly by measuring the time delay between drops. Experi-
mental studies of water drops or droplet formation, and other
viscous liquids as glycerol, using high speed cameras as well
as numerical simulations can be found in Refs.@10–15#.

Some experimental data were simulated by Martienet al.
@1,2#, supposing that in the nipple faucet the growing drop
oscillates according to the mass-spring model

d

dt Smdy

dt D5mg2ky2b
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, ~1!

wherey is the forming drop position. The behavior of the
solutions depends on the spring constantk, the friction con-
stantb, m(t), andg. With a decreasing frequency, the drop
mass increases linearly with time until it reaches a critical
point and breaks away imposing the initial conditions for the
next drop. Sa´nches-Ortiz and Salas-Brito@16# improved
Shaw’s model supposing that the mass of the falling drop
also depends on the current value of the hanged water col-
umn and they found evidences of boundary crisis and inter-
mittence. Oliveira and Penna@17# adopting an Ising-like
model simulated some dynamic evolution of a growing drop.

We studied the drop formation by the direct observation
of the drop growing which was recorded with a VHS camera,
from a drop rate off50.12 drop/s up tof'10 drops/s, ap-
proximately, simultaneously with the measurement of the in-
terdrop time intervals.

II. EXPERIMENTAL APPARATUS

The experimental apparatus consists of three water reser-
voirs of 50 liters each. The top reservoir is the source reser-
voir for the middle one, shown in Fig. 1, and a collector
reservoir. The source and the middle reservoirs are coated
with a thermal insulator material. The drop rate can be es-
tablished in two ways:~a! fixing the water level of the
middle reservoir with a carburetor valve and controlling the
opening of a needle valve driven by a step motor;~b! fixing
the overture of the faucet and turning off the water supply to
the middle reservoir and letting the water level decrease
naturally so the drop rate.

The detection system consists of a He-Ne laser and a pho-
todiode. The induced pulse in the photodiode by the drop
passage through the laser beam is detected via a microcom-
puter parallel port. The pulses are sketched in Fig. 2.

When each drop starts~ends! to cross the laser beam a
logic level change in the parallel port is detected, a count
variable c is reset and gated. The resolution of the driver
software is in the range 3210 ms and the minimum detect-
able time interval is less than 45ms, which allowed us to
measure not only the time between drops (tn) but the cross-
ing time (dtn) of the drop through the laser beam. In this
case,tn corresponds to the measurement of a coordinate of
the nth drop relative to the (n11)th drop, whiledtn , is a
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FIG. 1. Diagram of the experimental apparatus. The inset shows

a sketch of a drop in formation with the definitions of the variables.
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measurement of an absolute coordinate of thenth drop. In
some cases we have measured the total time delay
Tn5tn1dtn . Therefore three kinds of return maps can be
constructed,tn11 vs tn anddtn11 vs dtn andTn11 vs Tn to
typify the same motion.

The mean time drop formation is given by

^t f&5^t&1^dt&5^T& ~2!

and we define the mean drop rate asf51/̂ t f&.
To search for a particular attractor, by varying the drop

rate as described above, we can construct first return maps on
the computer screen in a real time data acquisition mode.

The drop formation was recorded with a VHS camera
~simultaneously to the time data acquisition!, with the shutter
speeds in the range 1/25021/8000 s21. Depending on the
drop rate, the corresponding black and white images were
digitized at the rate of 15, 30, or 60 frames/s and stored as
BMP ~bit map! format files and compressed in a VSF~video
sequence file! format file. From each BMP frame the drop
profile was obtained by detecting the variation of the gray
level at the border of the drop. A software in C language was
developed to obtain the time evolution of the volume and of
the center of mass position~relative to the faucet nipple!
from the two-dimensional images of the drop, supposing that
the drops have a vertical symmetry axis. The video images
had a resolution of 4803320 pixels, and for the conversion
from pixels to millimeter we used the diameter (d5
4.9660.005 mm! of the nipple faucet as a reference, there-
fore the estimated error varies from 2 up to 8% for the center
of mass, and from 6 up to 12% for the errors in the volume.

III. RESULTS AND DISCUSSION

In Fig. 3~a! are shown the images of a drop formation at
f51.49 drops/s. Despite the rate of digitalization of 15
frames/s, an oscillatory character of motion can be seen. In
Fig. 3~b! are shown the images of two successive drops at
f56.21 drops/s accomplished by the formation of small sec-
ondary or satellites drops. We have observed that the occur-
rence of satellites drops and their number depends on the
drop rate. Belowf'2.6 drops/s for every parent drop there
is just one satellite drop and abovef'10 drops/s we did not
observe the formation of any satellite drop. In the range
2.6, f,10 drops/s, for some drop rates no satellites
drops are created while for other drop rates the appearance of
the satellites and the number of them is intermittent. Some-
times the satellite drop is shot laterally, as shown in Fig.
3~c!, therefore it does not cross the laser beam and there is no
detection.

As in the low drop rate side (f,2.6 drops/s! we have
observed just one satellite drop for every parent drop and we
measured the time delay (TDd) parent satellite as a function
of the drop rate, as shown in Fig. 4. It also shows the cross-
ing time of the satellite drops through the laser beam. The
time delay increases almost linearly in the range (0.123
drops/s! while the crossing time reaches a plateau of
dt'2.4 ms atf'0.7 drops/s.

In Fig. 5 are shown three return mapsTn11 vs Tn for
f50.24, 1.04, 1.49 drops/s, together the respective temporal
seriesTn vsn. The first two regimes are periodic and the last
one is a nonperiodic one. As for each parent there is a satel-
lite drop; we added the data of the satellite drop to its respec-
tive data parent drop to construct these return maps. If we
had not adopted this procedure we would have in Fig. 5~b! a
period-two attractor pattern.

In Fig. 6 is shown the volume time evolution, where we
included the data forf'10.0 drops/s. We observed the same
quasilinear~linear plus a small oscillatory behavior! volume
time evolution for periodic as well as for nonperiodic mo-
tion, therefore we can write for the time evolution of the
mean volume

^V&'Vo1^F&t, ~3!

where^F& is the mean water flux.
The nonlinear character of the dynamics can be better

followed by observing the deformation of the water column
profile. This deformation can be characterized by the posi-

FIG. 2. Pulses induced in the parallel port by the drop passage
through the laser beam.

FIG. 3. ~a! A drop growing atf51.49 drops/s showing an oscillatory character.~b! The growing of two successive drops atf56.21
drops/s showing the occurrence of satellites drops.~c! A satellite being shot laterally atf56.21 drops/s.
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tion of the center of mass (y), as shown in Fig. 7~a!, where
we have the data of three successive drops atf51.49 drops/s
and in Fig. 7~b! are shown the data for two successive drops
at f51.04 drops/s. In both cases, the center of mass oscil-
lates around a mean straight line (^y(t)&), with an increasing
period, until it reaches a critical region~when the center of
massyc is close to the nipple radiusa) after which the center
of mass grows faster, despite the volume continuing to grow
linearly with time ~see Fig. 6!. These results are consistent
with the observations made by Watanabe@18# using a high
speed camera (500 frames/s! to detect the oscillations of a
drop hanging from a tube, thus deriving an expression for the
period

t54S 2r

sp D 1/2h3/2, ~4!

wherer is volumetric density,s the superficial tension, and
h is the drop length defined in the inset of Fig. 1. From the
data of Fig. 7 we obtained a reasonable mean value

^t&'0.07 s when compared tot50.09 s calculated with Eq.
~4!, taking^h&'0.4 cm ands572 dyn/cm at room tempera-
ture.

The motion atf51.49 drops/s shown in Fig. 7~a! is non-
periodic, the successive drops follow the same trajectory
only in the linear region and aboveyc different trajectories
arise, showing a sensibility to the conditions set up when the
center of mass is close toyc . For the case of the periodic
motion shown in Fig. 7~b!, f51.04 drops/s, the drops follow
the same trajectory.

Therefore belowyc the mean behavior of the center of
mass is given by a straight line

^y&5^yo&1^v&t, ~5!

where^v& is the mean speed of the center of mass. The water

FIG. 4. Time delay~squares! between the main drop and its
satellite and the crossing time~circles! of the satellite drop through
the laser beam. The continuous lines are guides for the eyes.

FIG. 5. First return mapsTn11 vs Tn in ~a!, ~b!, and ~c!, con-
structed using only the time between parent drops,~A!, ~B!, and
~C!, the respective temporal seriesTn .

FIG. 6. Volume time evolution forf50.24,1.04,1.49, and 10.0
drops/s. Forf50.24 drops/s the digitalization rate was 15 frames/s
and 60 frames/s for other drop rates. The continuous lines are the
linear fittings of the experimental data.

FIG. 7. Time evolution of the center of mass. In~a! we have a
nonperiodic motion atf51.49 drops/s while in~b! the motion is
periodic atf51.04 drops/s.
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column profile is approximately a cylinder ended by a half-
sphere of radiusa whose volume is given by

V'pa2~h2a/3!, ~6!

wherea is defined in the inset of Fig. 1. The mean center of
mass^y& is approximately proportional toh/2, therefore a
straight line

^V&5B1C^y& ~7!

fitted to the linear region should give us

C52pa2538.660.9 mm2. ~8!

In Fig. 8 are shown the volume as a function of the center
of mass together with the fittings of Eq.~7!, for f50.24,
1.04, 1.49, and 10.0 drops/s, where we have collapsed the
data of 132, 53, 132, and 29 successive drops, respectively.
In the critical region starts the struggling of the water col-
umn, so an elastic limit aroundyc'2.5 mm is observed.
Below yc the system is elastic and obeys Hook’s law, be-
yond yc a plastic behavior takes place.

The parameters obtained from the fitting of Eqs.~3!, ~5!,
and~7! to their respective linear region are shown in Table I.
A good agreement of theC values is achieved when com-
pared to the calculated geometrical value (38.6 mm2) given
by Eq. ~8!.

The spring constant of Shaw’s model@2# can be estimated
observing that

dm/dt'r ^F&, ^v&5d^y&/dt'^F&/C and with Eqs.~3!
and ~7! the mean center of mass will be given by

^y&5
Vo2B

C
1

rg^v&C

k
t ~9!

by comparison of Eqs.~9! with ~5! we havek5rgC, there-
fore from data of the fifth column of Table I,̂k&'365
dyn/cm is obtained.

For a higher drop rate the VHS time resolution (1/60 s
maximum! does not allow us to obtain enough data for a
good characterization of the time evolution of a particular
drop. Nevertheless, we follow the growing of ten successive
drops in a periodic regimen atf58.96 drops/s, and 27–29
drops in a nonperiodic regimef'10 drops/s. The first return
maps, as well as the respective time series, are shown in Fig.
9. For the periodic motion shown no satellites drops were
observed among the 512 drops collected. In Fig. 10 are

FIG. 9. First return mapsTn11 vs Tn in ~a! and~b!, constructed
with 512 data~parent and satellites drops!. In ~A! and ~B! the re-
spective temporal seriesTn .

TABLE I. In the second and third columns are the parameter values obtained from the fitting of Eq.~3!
to the linear dataV vs y shown in Fig. 8. The values between braces are the results obtained directly from the
fitting of Eq. ~5!.

f (drops/s) Vo (mm3) ^F& (mm3/s) B (mm3) C (mm2) Vo2B

C
(mm)

^F&
C

(mm/s)

$5^yo&% $5^v&%

0.24 24.0 17.1 -9.1 37.3 0.89 -
1.04 28.1 83.5 -7.3 37.0 0.96$1.04% 2.26$2.05%
1.49 31.4 124.8 -9.5 37.7 1.08$1.15% 3.31$2.96%

FIG. 8. Volume as a function of the center of mass. The drop
rate and the number of drops are indicated in the draws. The images
were digitized at 15 frames/s. The continuous lines are the fitting to
the quasilinear region. The dashed line was drawn using Eq.~8!.
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shown the images of the growing of ten of these drops. For
the case of the nonperiodic regime, the dynamics presents a
very complex behavior as shown in a sequence of images
drawn in Figs. 11–13, but pattern repetition or stationarity
@10# can be observed in the sequences of boxes 15–18 and

25–28. The drop time formation can be as short as 50 ms or
as long as 134 ms. Sometimes the formation of small satellite
drops occurs, boxes 2,8,14,16, and 24 in Figs. 11–13, as well
as the formation of big satellites drops, boxes 17,18,27, and
28 in Figs. 11 and 13. As the laser data acquisition system
detects all the drops, the presence of satellites drops makes it
more difficult to calculate the drop rate, once if we took them
into account we would obtain values not compatible with the

FIG. 11. The first ten boxes of frames of images of the drop
growing atf'10 drops/s. In the boxes 2 and 8 small satellites drops
can be observed.

FIG. 12. The sequence of Fig. 11. In boxes 14 and 16 small
satellites drops can be observed, and in boxes 17 and 18 big ones.

FIG. 13. The sequence of Fig. 12. Small satellite drops are
shown in box 24 and big satellites drops are observed in boxes 27
and 28.

FIG. 10. Images of the formation of ten successive drops at
f58.94 drops/s in a periodic motion.
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time formation of the parent drop. Therefore the value
f'10 drops/s was obtained taking off 92 satellites drops
(Tn,10 ms! from a file of 512 drops.

IV. CONCLUSION

The dynamics of the water drop formation can be divided
into two parts. Firstly, the mean behavior of the volume and
center of mass can be explained by the spring-mass system
proposed by Shaw~elastic behavior!; secondly, a nonlinear
dynamics ~plastic behavior! of the water formation, that

seems to start with the struggling of the water column in the
nipple faucet, with sensibility to the initial conditions set up
at a critical pointyc . The appearance of satellite drop fol-
lowing every parent drop can lead to a misinterpretation of
the attractor when we construct first returns maps for low
drop rates. In such cases we found that the best procedure is
to add up the satellite and its parent drop data.
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